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Abstract: Encoding qubits in multiple degrees of freedom (DOFs) of a
quantum system allows less-decoherence quantum information processing
with much less quantum resources. We present a compact and scalable
quantum circuit to determinately implement a hyper-parallel controlled-
controlled-phase-flip (hyper-C2PF) gate on a three-photon system in both
the polarization and spatial DOFs. In contrast with the one with many qubits
encoding in one DOF only, our hyper-C2PF gate operating two independent
C2PF gates on a three-photon system with less decoherence, and reduces
the quantum resources required in quantum information processing by a
half. Additional photons, necessary for many approaches, are not required
in the present scheme. Our calculation shows that this hyper-C2PF gate is
feasible in experiment.
© 2018 Optical Society of America
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1. Introduction
Quantum computers promise to solve certain computational tasks which are intractable for a
classical one [1]. Implementations of universal quantum logic gates, the central requirement
for a quantum computer, have attracted widespread attention [2–6]. Much was focused on the
two-qubit controlled-NOT (CNOT) gate or the identical controlled-phase-flip (CFP) gate [7,8].
Multiqubit gates play a central role in quantum networks, quantum corrections, and quantum
algorithms, and they serve as a stepping stone for implementing a scalable quantum computer.
The simplest universal gate library in multiqubit systems is {Toffoli or Fredkin gate, Hadamard
gate} [9, 10]. However, the inefficient synthesis [11, 12] of Toffoli or Fredkin gate increases
the length and time of such two gates, and makes the gates further susceptible to their envi-
ronments. The minimized cost of a three-qubit Toffoli gate is five two-qubit gates [11], and
the decomposition of a generalized n-qubit Toffoli gate requires O(n2) two-qubit gates [13].
Some physical architectures, including linear optics, superconducting circuits, quantum dots
(QDs), trapped ions, and diamond nitrogen-vacancy (NV) defect centres, have been proposed
to implement Toffoli (or the identical C2PF) gate with one degree of freedom (DOF) [14–22].
Quantum gates designed with minimized resources is crucial for quantum computation. Two
strategies are generally adopted to remedy this problem: the one is to exploit a system with ad-
ditional readily accessible states (qudit) during the computation [23, 24]; the second strategy is
to encode the information in multiple DOFs of a quantum system. That is referred to as hyper-
parallel quantum gates [25–27], i.e., the quantum gates operating more than one independent
operations simultaneously. By the first approach, the quantum circuits for solid-state electronic
CNOT gate [23] and flying photonic Toffoli gate [24] have been designed. By the second ap-
proach, schemes for implementing hyper-parallel photon-based CNOT gate [25–27] and hyper-
parallel photon-matter-based universal gates [28,29] have been proposed. The hyperentangled-
cluster-state-based quantum computing have been demonstrated in recent years [30].
Single photon is one of the most popular candidates for quantum information processing
with multiple DOFs because of its robustness against decoherence, exact and flexible manipu-
lation with linear optics, and many accessible qubitlike DOFs [31], such as polarization, spatial,
orbital angular momentum, transverse, energy-time, time bin, and so on. However, the photon-
based quantum computing in a small-scalable fashion is a challenge in experiment because of
the weak nonlinear interactions at the single-photon level. Fortunately, this intrinsic limitation
can be partially solved by employing linear-optics [32] and completely solved by employing
cross-Kerr nonlinearity [33, 34] or photon-matter entangling platforms [27, 35, 36]. Up to now,
the giant Kerr nonlinearity is still a challenge in experiment. The mechanism of an emission-
based photon-matter system can mediate a required photon-photon or matter-matter interac-
tion, and opens up perspectives for directly photon-based [25, 26, 37], or matter-based [19, 20]
scalable quantum computing in a determinate way. In addition, it allows the non-destructive
photon-polarization (matter-spin) state measurement heralded by the states of the matter (pho-
tonic) qubit.
The electronic spins associated with the NV centre stand out as an attractive matter qubit
because of their milliseconds coherence time [38, 39] and stable single-photon emission at
room temperature, while can be manipulated on a subnanosecond time scale [40]. The exactly
initialization [41], manipulation [40], and high-fidelity readout [42] of an NV centre electron
spin, which is crucial for quantum information processing, have been reported in recent years.
Nowadays, the NV centres have been subject to numerous applications: in 2007, Gurudev Dutt
et al. [43] demonstrated distributed quantum computing in an NV centre. The Deutsch-Jozsa
algorithm in a single NV centre was demonstrated in 2010 [44]. In 2012, van der Sar et al. [45]
demonstrated the hybrid quantum gates acting on the electron spin and the nearby nuclear spin.
In 2014, Arroyo-Camejo et al. [46] and Zu et al. [47] demonstrated geometric single-qubit gates
and CNOT gate within an NV centre, respectively. In recent years, there have been a number
of hallmark demonstrations of quantum entanglement between an emitted single photon and
a stored NV centre electron spin (or between two separated NV centre spins) [48–50]. Based
on NV-centre-emission-based entanglement, some interesting schemes for implementing uni-
versal gates on NV centre electronic [22] or photonic qubits [51, 52], and hyperentanglement
purification and concentration were also proposed recently [53].
In this paper, we theoretically present an alternative scheme for compactly implementing an
optical hyper-C2PF gate assisted by NV-centre-cavity systems. Our proposal has the following
merits. First, single photons encoded in both the polarization and spatial DOFs, and this strategy
reduces the quantum resource by a half than that with many qubits of one DOFs. Second,
our universal gate works for a three-photon system in a hyper-parallel way. Third, additional
photons, necessary for cross-Kerr- or parity-check-based photonic quantum computing, are not
required. Fourth, our scheme is much simpler than that one cascaded with single- and two-qubit
(CNOT or CPF) gates.
2. Compact quantum circuit for implementing hyper-parallel C2PF gate.
The NV centre consists of a substitutional nitrogen atom replacing a carbon atom and an ad-
jacent vacancy in the diamond lattice. The ground states of the NV centre are an electronic
spin-triplet state with a 2.88-GHz zero-field splitting between the magnetic sublevels with the
angular momentum ms = 0 and ms = ±1 resulting from the spin-spin interactions [54]. The
 (R-photon) (L-photon) σ +
+
2A
σ
−
0
−
resonator 
MW MW
Fig. 1. A ∧-type atom-like structure of the negatively-charged NV centre confined in an
optical resonator. The states |±〉 act as the computational basis states, and the state |0〉
acts as an ancilla employed for spin manipulation. The optical transitions from the ground
states |±〉 to the ancillary state |A2〉 are coupled by the σ∓ circularly polarized photons,
respectively.
states |ms = ±1〉 (denoted by |±〉) are coupled to the state |ms = 0〉 (denoted by |0〉) with
microwave pulses Ω± forming a ∨-type three-level system. At low temperature (T≈4 K), the
states |±〉 are coupled to one of the six excited states [55] |A2〉 = (|E−〉|+〉+ |E+〉|−〉)/
√
2
with optical radiation forming a ∧-type system [see Fig. 1]. The transitions |±〉 → |A2〉 are
driven by the σ∓ polarized single photons at ∼ 637 nm, respectively, and then the state |A2〉
spontaneously decays into the states |±〉 with equal probabilities. Here |E±〉 indicate the states
with the angular momentum ±1 along the NV centre axis, respectively. The state |A2〉, an in-
herent spin-orbit entangled state and are protected by the spin-orbit and spin-spin interactions,
is robust against the small strain and magnetic fields, preserving the polarization properties of
its optical transition [56].
A diagram of a basic spin-photon entangling unit, a ∧-type three-level NV centre trapped in
a single-sided cavity, is shown in Fig. 1. An incident single photon with frequency ωp enters
a single-sided cavity with frequency ωc. The cavity mode aˆ with the right and left circular
polarizations, R and L, are resonantly coupled to the transitions |±〉 → |A2〉 with frequency
ω0, respectively. The cavity mode is driven by the input field aˆin. By solving the Heisenberg
equations of motion for the annihilation operation aˆ of cavity mode and the lowing operation
σ− of the NV centre [57],
daˆ
dt =−
[
i(ωc−ωp)+ κ2
]
aˆ(t)− gσ−(t)−
√
κ aˆin,
dσ−
dt =−
[
i(ω0−ωp)+ γ2
]
σ−(t)− gσz(t)aˆ(t)+√γσz(t)ˆbin(t), (1)
one [58, 59] can obtain the reflection coefficient for the NV-centre-cavity unit in the weak
excitation limit 〈σz〉=−1,
r(ωp) =
aˆout
aˆin
=
[i(ωc−ωp)− κ2 ][i(ω0−ωp)+ γ2 ]+ g2
[i(ωc−ωp)+ κ2 ][i(ω0−ωp)+ γ2 ]+ g2
. (2)
Here, the cavity output field aˆout is connected with the input field aˆin by the input-output relation
aˆout = aˆin +
√
κ aˆ(t). bin(t), as the vacuum input field, has the standard commutation relation
[ˆbin(t), ˆb†in(t ′)] = δ (t − t ′). γ is the decay rate of the NV centre population. κ is the damping
rate of the cavity intensity. σz is the inversion operator of the NV centre. g is the coupling rate
of the NV-centre-cavity system.
From Eq. (2), one can see that if the single photon feels a hot cavity (g 6= 0), after reflection,
it will get a phase shift eiϕ with amplitude |r(ωp)|. If the photon feels a cold cavity (g = 0),
after reflection, it will acquire a phase shift eiϕ0 with amplitude |r0(ωp)|. Considering the NV
centre is prepared in the state |+〉, the R- (L-) polarized photon feels a hot (cold) cavity, and the
corresponding state transformations are
|R〉|+〉 → r(ωp)|R〉|+〉= eiϕ |r(ωp)||R〉|+〉,
|L〉|+〉 → r0(ωp)|L〉|+〉= eiϕ0 |r0(ωp)||L〉|+〉. (3)
In case the NV centre electron spin is in the state |−〉, the corresponding transformations are
|R〉|−〉 → r0(ωp)|R〉|−〉= eiϕ0 |r0(ωp)||R〉|−〉,
|L〉|−〉 → r(ωp)|L〉|−〉= eiϕ |r(ωp)||L〉|−〉. (4)
Here r0 is described by Eq. (2) with g = 0. The conditional phase shifts are the functions of the
frequency detuning (ωp−ωc) under the resonant condition ωc = ω0. By adjusting ωp = ωc =
ω0, it is possible to reach
r =
−κγ + 4g2
κγ + 4g2 , r0 =−1. (5)
Ref. [58] shows that when g ≥ 5√γκ , r(ωp) ≃ 1. That is, the reflection of an uncoupled sin-
gle photon can result in a phase shift pi between the NV centre electron spin and the photon
relative to the coupled one. The sign change of the reflected single photon can be specifically
summarized as:
|R〉|+〉 → |R〉|+〉, |R〉|−〉 → −|R〉|−〉,
|L〉|+〉 → −|L〉|+〉, |L〉|−〉 → |L〉|−〉. (6)
The emitted photon-matter entangling platform is at the heart of the photon-based or matter-
based scalable quantum computing [22, 52], Bell-state analysis [60], entanglement detection
[61], and it has been received great progress in experiment. In 2008, Fushman et al. [62] ob-
served phase shift pi/4 in QD-cavity system. In 2014, Reiserer et al. [7] and Tiecke et al. [8]
observed phase shift pi in atom-cavity system. In 2016, Sun et al. [63] observed phase shift pi
in QD-cavity system. In the following, we exploit the spin-selective optical transition property
described by Eq. (6) to study the implementation of the multi-photon hyper-parallel quantum
computing.
Figure 2 depicts a compact quantum circuit for determinately implementing a hyper-C2PF
gate acting on a three-photon system in both the polarization and spatial DOFs. This gate
independently operates two C2PF gates simultaneously on a three-photon system. The C2PF
gate is equivalent to the Toffoli gate up to two Hadamard transformations, i.e., UC2PF =
(I4 ⊗H)UToffoli(I4 ⊗H). Here I4 is a 4× 4 identity matrix and H represents the Hadamard
operation performed on the target qubit. Let us assume that the single photons a, b, and c are
initially prepared in the normalized states
|ϕ〉a = (α1|R1〉+α2|L1〉)⊗ (ς1|a1〉+ ς2|a2〉),
|ϕ〉b = (β1|R2〉+β2|L2〉)⊗ (ζ1|b1〉+ ζ2|b2〉),
|ϕ〉c = (δ1|R3〉+ δ2|L3〉)⊗ (ξ1|c1〉+ ξ2|c2〉). (7)
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Fig. 2. Compact quantum circuit for implementing hyper-parallel C2PF gate on a three-
photon system with both the spatial and polarization DOFs. CPBSi (i = 1, 2, · · · ,34) rep-
resents a circular polarizing beam splitter that transmits the right circular polarizations (R)
and reflects the left circular polarizations (L). Hi (i = 1, 2, · · · ,8) represents a Hadamard
operation performed on the passing photon with a half-wave plate oriented at 22.5◦. X j
( j = 1, 2, · · · ,10) represents a bit-flip operation performed on the passing photon with a
half-wave plate oriented at 45◦. BSk (k = 1, 2, 3, 4) is a balanced polarization-preserving
beam splitter.
The four NV centres, NV1,2,3,4, with nearly identical electron-spin energy levels are respec-
tively prepared in the states
|ϕ〉e1,3 =
|+1,3〉+ |−1,3〉√
2
, |ϕ〉e2,4 =
|+2,4〉− |−2,4〉√
2
. (8)
Here, a1 (b1 or c1) and a2 (b2 or c2) are the two spatial modes of the photon a (b or c). R1
(L1), R2 (L2), and R3 (L3) denote the photon a, b, or c are in the right (left) circular polarization
states, respectively. The subscript j of the |+ j〉 (|− j〉) represents the j-th NV centre is in the
state |+〉 (|−〉).
Now, let us go into the detail of our scheme in step by step for implementing the hyper-C2PF
gate.
First, photon b passes through the block [PBS1 → NV1 → PBS2 or PBS3 → NV1 → PBS4].
Subsequently, a Hadamard transformation HNV1 is performed on NV1 by applying a pi/2 mi-
crowave pulse, which completes the transformations:
|+〉 → 1√
2
(|+〉+ |−〉), |−〉→ 1√
2
(|+〉− |−〉). (9)
Here, PBSi (i= 1, . . . ,4) is the circularly polarizing beam splitter which lets the component R of
the incident photon be transmitted, while having the component L be reflected. The operations
(PBS1 →NV1 → PBS2 →HNV1 and PBS3 →NV1 → PBS4 →HNV1) transform the total state
of the system composed of photons a, b, c, and NV1,2,3,4 from |ϕ0〉 to |ϕ1〉. Here
|ϕ0〉= |ϕ〉a⊗|ϕ〉b⊗|ϕ〉c⊗|ϕ〉e1 ⊗|ϕ〉e2 ⊗|ϕ〉e3 ⊗|ϕ〉e4 , (10)
|ϕ1〉 = |ϕ〉a⊗|ϕ〉c⊗|ϕ〉e2 ⊗|ϕ〉e3 ⊗|ϕ〉e4 ⊗ (ζ1|b1〉+ ζ2|b2〉)
⊗(β1|R2〉|−1〉+β2|L2〉|+1〉). (11)
Second, photon c emitting from the spatial mode c2 passes through the block [BS1 →
PBS5 → X1 →NV1 → X2 → PBS6 → BS2]. These operations make |ϕ1〉 be changed into
|ϕ2〉 = |ϕ〉a⊗|ϕ〉e2 ⊗|ϕ〉e3 ⊗|ϕ〉e4 ⊗ (ζ1|b1〉+ ζ2|b2〉)⊗ (δ1|R3〉+ δ2|L3〉)
⊗[β1|R2〉(ξ1|c1〉− ξ2|c3〉)|−1〉+β2|L2〉(ξ1|c1〉+ ξ2|c2〉)|+1〉]. (12)
Here, X1,2 represent the bit-flip operations performed on the passing photon with the half-wave
plates oriented at 45◦, i.e., |R〉 ↔ |L〉. The balanced nonpolarizing beam splitter (BS), say BS1
(BS2), on the spatial states |c2〉 and |c3〉 is defined as
|c2〉 → 1√2(|c2〉+ |c3〉), |c3〉 →
1√
2
(|c2〉− |c3〉). (13)
Third, photon a is injected into the block [PBS7 →NV2 → PBS8 or PBS9 →NV2 → PBS10],
followed with an HNV2 performed on NV2. These operations (PBS7 → NV2 → PBS8 → HNV2
and PBS9 →NV2 → PBS10 →HNV2) transform |ϕ2〉 into
|ϕ3〉 = (ς1|a1〉+ ς2|a2〉)⊗ (ζ1|b1〉+ ζ2|b2〉)⊗ (δ1|R3〉+ δ2|L3〉)
⊗(α1|R1〉|+2〉+α2|L1〉|−2〉)⊗
[β1|R2〉(ξ1|c1〉− ξ2|c3〉)|−1〉
+β2|L2〉(ξ1|c1〉+ ξ2|c2〉)|+1〉]⊗|ϕ〉e3 ⊗|ϕ〉e4 . (14)
Fourth, photon c emitting from the spatial mode c2 or c3 passes through the block [PBS11 →
X3 →NV2 →X4 → PBS12] and the block [BS3 → PBS13 →X5 →NV1 →X6 → PBS14 →BS4]
successively. After these two blocks, the state of the whole system becomes
|ϕ4〉 = (ς1|a1〉+ ς2|a2〉)⊗ (ζ1|b1〉+ ζ2|b2〉)⊗ (δ1|R3〉+ δ2|L3〉)
⊗{α1|R1〉|+2〉(β1|R2〉|−1〉+β2|L2〉|+1〉)(ξ1|c1〉+ ξ2|c2〉)
+α2|L1〉|−2〉
[β1|R2〉|−1〉(ξ1|c1〉+ ξ2|c2〉)
+β2|L2〉|+1〉(ξ1|c1〉− ξ2|c2〉)]}⊗|ϕ〉e3 ⊗|ϕ〉e4 . (15)
Fifth, photon b in the spatial mode b2 passes through the block [PBS17 → X7 → NV3 →
X8 → PBS18], followed by an HNV3 performed on NV3. The above operations (PBS17 → X7 →
NV3 → X8 → PBS18 → HNV3) transform |ϕ4〉 into
|ϕ5〉 =
{
α1|R1〉|+2〉(β1|R2〉|−1〉+β2|L2〉|+1〉)(ξ1|c1〉+ ξ2|c2〉)
+α2|L1〉|−2〉
[β1|R2〉|−1〉(ξ1|c1〉+ ξ2|c2〉)
+β2|L2〉|+1〉(ξ1|c1〉− ξ2|c2〉)]}⊗ (ς1|a1〉+ ς2|a2〉)
⊗(ζ1|b1〉|+3〉+ ζ2|b2〉|−3〉)⊗ (δ1|R3〉+ δ2|L3〉)⊗|ϕ〉e4 . (16)
Sixth, after photon c passes through CPBS15 (CPBS16), the L-polarized component passes
through the block [PBS19 → NV3 → PBS20] or the block [PBS21 → NV3 → PBS22]. Before
and after the wave-packet interacts with such two blocks, a Hadamard operation Hp, which
completes the transformations |R〉 → (|R〉+ |L〉)/√2 and |L〉 → (|R〉 − |L〉)/√2, is applied
on it with the half wave-plates H1 and H2 (H3 and H4) oriented at 22.5◦, respectively. The
operations (CPBS15 → H1 → PBS19 → NV3 → PBS20 → H2 and CPBS16 → H3 → PBS21 →
NV3 → PBS22 →H4) transform |ϕ5〉 into
|ϕ6〉 =
{
α1|R1〉|+2〉(β1|R2〉|−1〉+β2|L2〉|+1〉)(ξ1|c1〉+ ξ2|c2〉)
+α2|L1〉|−2〉
[β1|R2〉|−1〉(ξ1|c1〉+ ξ2|c2〉)+β2|L2〉|+1〉
(ξ1|c1〉− ξ2|c2〉)]}⊗ (ς1|a1〉+ ς2|a2〉)[ζ1|b1〉(δ1|R3〉+ δ2|R3〉)|+3〉
+ζ2|b2〉(δ1|R3〉+ δ2|L3〉)|−3〉]⊗|ϕ〉e4 . (17)
Seventh, photon a in spatial mode a2 passes through the block [CPBS23 → X9 → NV4 →
X10 → CPBS24]. Subsequently, an HNV4 is applied on NV4. These operations transform |ϕ6〉
into
|ϕ7〉 =
{
α1|R1〉|+2〉(β1|R2〉|−1〉+β2|L2〉|+1〉)(ξ1|c1〉+ ξ2|c2〉)
+α2|L1〉|−2〉
[β1|R2〉|−1〉(ξ1|c1〉+ ξ2|c2〉)
+β2|L2〉|+1〉(ξ1|c1〉− ξ2|c2〉)]}⊗ (ς1|a1〉|−4〉+ ς2|a2〉|+4〉)
⊗[ζ1|b1〉(δ1|R3〉+ δ2|R3〉)|+3〉+ ζ2|b2〉(δ1|R3〉+ δ2|L3〉)|−3〉]. (18)
Eighth, photon c passes through the blocks [PBS25 → NV4 → PBS26 → H5 → PBS29 →
NV3 → PBS30 → H6] or the blocks [PBS27 → NV4 → PBS28 → H7 → PBS31 → NV3 →
PBS32 → H8] successively, and the wave-packets of the photon c are mixed at PBS33 (PBS34).
The above operations change the state of the whole system to be
|ϕ8〉 =
{
α1|R1〉|+2〉
[
(β1|R2〉|−1〉+β2|L2〉|+1〉)(ξ1|c1〉+ ξ2|c2〉)]
+α2|L1〉|−2〉
[β1|R2〉(ξ1|c1〉+ ξ2|c2〉)|−1〉
+β2|L2〉(ξ1|c1〉− ξ2|c2〉)|+1〉]}
⊗{ς1|a1〉|−4〉[(ζ1|b1〉|+3〉+ ζ2|b2〉|−3〉)(δ1|R3〉+ δ2|L3〉)]
+ς2|a2〉|+4〉[ζ1|b1〉(δ1|R3〉+ δ2|L3〉)|+3〉
+ζ2|b2〉(δ1|R3〉− δ2|L3〉)|−3〉]}. (19)
Finally, we measure the spins of NV1,2,3,4 in the basis {|±′〉= (|+〉±|−〉)/
√
2} to disentan-
gle the NV centres. Subsequently, the classical feed-forward single-qubit operations, as shown
in Tab. 1, are performed on the three outing photons to raise the success probability of our
hyper-C2PF gate to 100% in principle. These operations result in a three-photon output state
|ϕ9〉 =
{
(α1β1|R1〉|R2〉+α1β2|R1〉|L2〉+α2β1|L1〉|R2〉)(ξ1|c1〉+ ξ2|c2〉)
+α2β2|L1〉|L2〉(ξ1|c1〉− ξ2|c2〉)}
⊗{(ς1ζ1|a1〉|b1〉+ ς1ζ2|a1〉|b2〉+ ς2ζ1|a2〉|b1〉)(δ1|R3〉+ δ2|L3〉)
+ς2ζ2|a2〉|b2〉(δ1|R3〉− δ2|L3〉)}. (20)
Therefore, the total operations for a deterministic hyper-C2PF gate are completed. That is, the
quantum circuit shown in Fig. 2 completes a hyper-parallel optical C2PF gate which indepen-
dently changes the phase of the input states by pi , that is, a sign change, if all qubits are in the
states |L1L2c2〉 or |a2b2L3〉, and has no effect otherwise.
Table 1. The classical feed-forward operations on the photonic qubits to complete a full
and deterministic hyper-C2PF gate conditioned on the outcomes of the NV centre spins.
σz = |R〉〈R|− |L〉〈L|. Phase shifter pi performed on the spatial mode a1 (b2) completes the
transformation |a1〉 →−|a1〉 (|b2〉 →−|b2〉).
NV centres classical feed-forward operation
|−′4〉 (|+′4〉) phase shift pi is performed on the spatial mode a1 (no)
|−′3〉 (|+′3〉) phase shift pi is performed on the spatial mode b2 (no)
|−′2〉 (|+′2〉) σz is performed on photon 1 (no)
|−′1〉 (|+′1〉) −σz is performed on photon 2 (no)
3. The average fidelity of the hyper-C2PF gate
The coefficients of the reflection photons, described by Eq. (2), play an important role in con-
structing our hyper-C2PF gate. The imperfection in phase and amplitude of the reflection pho-
tons reduces the performance of our gate. Therefore, it is necessary to consider the feasibility
of our gate, which can be evaluated by the fidelity of the final normalized states in the realistic
case |ϕ ′out〉 relative to that in the ideal case |ϕout〉 averaged over all the input (output) states, that
is,
F =
1
(2pi)6
∫ 2pi
0
dα
∫ 2pi
0
dβ
∫ 2pi
0
dγ
∫ 2pi
0
dς
∫ 2pi
0
dζ
∫ 2pi
0
dξ |〈ψout|ψ ′out〉|2. (21)
Here |ϕout〉 is described by Eq. (19). Using the same argument as for |ϕ〉, |ϕ ′out〉 can be obtained
by substituting Eqs. (3)-(4) for Eq. (6). Here, cosα = α1, sinα = α2, cosβ = β1, sinβ = β2,
cosγ = γ1, sinγ = γ2, cosς = ς1, sinς = ς2, cosζ = ζ1, sinζ = ζ2, cosξ = ξ1, and sin ξ = ξ2.
By calculation, we find that the average fidelity of our hyper-C2PF gate, F , as a function of
g/√κγ can be depicted by the red solid curve in Fig. 3.
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Fig. 3. The average fidelities (F , red solid curve) and efficiencies (η , blue dashed curve)
of the hyper-C2PF gate as a function of g/√κγ . g/√κγ ≥ 0.5.
4. The average efficiency of the hyper-C2PF gate
When the photon interacts with the matter qubit, the incident photon is inevitably lost. In order
to show the feasibility of our gate, it is also necessary to consider the efficiency of our gate, η ,
which is defined as the yield of the incident photon, that is, the ratio of the gate’s output photon
number noutput to its input photon number ninput. Taking all the possible input (output) states,
that is, average over α, β , γ, ς , ζ , ξ ∈ [0,2pi ], the average efficiency of our gate is given by
η = 1
(2pi)6
∫ 2pi
0
dα
∫ 2pi
0
dβ
∫ 2pi
0
dγ
∫ 2pi
0
dς
∫ 2pi
0
dζ
∫ 2pi
0
dξ noutput
ninput
= [121+(128|r|+ 164|r|2+ 40|r|3 + 14|r|4+ |r|5(2+ |r|)2(4+ |r|))
×(91+ 58|r|+ 42|r|2+ 18|r|3 + 12|r|4+ 14|r|5 + 14|r|6 + |r|7(6+ |r|)]/131072.
(22)
The dependence of the average efficiency of our hyper-C2PF gate, η , on the coupling strength
g/√κγ is shown in Fig. 3 (see the blue dashed curve).
5. The challenges of our scheme.
In the work, the gate mechanism is deterministic in principle. However, the experimental im-
perfections degrade the gate fidelity and efficiency. The main sources of the errors include the
finite signal-to-noise ratio in the zero-phonon line (ZPL) channel (reduces the fidelity of the
platform by 11%) [48], the excited-state mixing caused by the strain and the depolarization of
the single photons (reduces the fidelity of the platform by 12%) [48], timing jitter (reduces the
fidelity of the platform by 4%) [48], spin-flips during the optical excitation result in the spin-
spin interaction (probability 0.46± 0.01% when T=4 K) [50]. There are other errors due to the
technical imperfections, such as imperfections in the NV centre electron spin population into
state ms = 0 (fidelity 99.7±0.1%) and states ms =±1 (fidelity 99.2±0.1%) [42], the imperfect
rotations of the NV centre electron spin qubit by using microwave, the detector dark counts and
background counts during the measurement of the NV centre, the spatial mismatch between the
cavity and incident photon, the balancing of PBSs (extinction ratio about 100: 1 in reflection,
1000: 1 in transmission [7]) and BSs, and the intracavity loss and linear optical elements loss.
The weak narrow-band ZPL emission at 637 nm is one the drawbacks of the applications of
the NV centers, and about 70-80% of the NV centre’s fluorescence emission is emitted into
the narrow-band ZPL even at room temperature due to the low photon-electron coupling [64].
The imperfections due to the technical imperfection will be largely improved with the further
technical advances.
6. Discussion and Summary
Optical quantum information processing has been received great attention and generally are
focused on the traditionary ones, in which the information is encoded in the polarization DOF
of photons only. At variance with the tradition ones with one DOF, quantum information pro-
cessing approach with multiple DOFs [65, 66] is much less affected by its environment, re-
duces the quantum sources, or can simplify one-way quantum computing and quantum algo-
rithm [67–69]. Nowadays, hyper-parallel quantum gates have been recognized as an elementary
element of quantum information processing. Some schemes for optical hyper-CNOT gates as-
sisted by QDs or NV centres have been proposed by Ren et al. [25–27]. Wang et al. [28, 29]
designed some quantum circuits for hyper-parallel universal quantum gates acting on hybrid
photon-matter systems.
In this work, we have designed a compact quantum circuit for implementing an optical hyper-
C2PF gate on a three-photon system in both the polarization and spatial DOFs through NV-
centre-cavity interactions. Great efforts have been made to interact the NV centre with the
photons. The single photon coupling to an NV centre electron spin has been reported in recent
years [48, 49, 70]. An NV centre coupled to a fiber-based microcavity or microring resonator
has been demonstrated, respectively [71,72]. A single NV centre coupled to a degenerate cavity
mode, necessary for our scheme, can be achieved by employing the H1 photonic crystal cav-
ity [73], fiber-based microcavity [71], ring microresonators [72], or micropillar [74]. The iden-
tically optical transition energies of the four separated NV centres, required for our scheme, can
be achieved by applying controlled external electric fields [75]. Our scheme is nearly free from
spectral diffusion and charge fluctuation [76] because of the narrow linewidth (40 MHz) of the
state |A2〉 [49]. The spectral diffusion, a hurdle for applications of the NV centres, is induced by
a fluctuating electrostatic environment (usually caused by ionized impurities and charge traps)
around the NV centre [77]. A number of techniques have been actively explored to reduce and
eliminate the spectral diffusion [78–80].
In summary, we have presented a compact quantum circuit for implementing a three-photon
hyper-parallel C2PF gate with both the polarization and spatial DOFs, assisted by NV-centre-
cavity interactions. Different from the traditional approach with encoding the qubit in polariza-
tion DOF of photons only, we encode the qubits in both the polarization and spatial DOFs of
three photons, and our gate reduces the quantum resources consumed in quantum information
processing by a half and the effect of the decoherence caused by the noise channels. In contrast
to linear-optics- or parity-check-based procedures, our scheme does not require auxiliary single
photons or maximally entangled pairs of photons. The cost is six CPF gates for our hyper-C2PF
gate. Given the current technology, our scheme may be experimentally feasible with a high
fidelity and efficiency.
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